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(The foundations of arithmetic) in C++
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result_type function_name ( parameter_list )
interface

{

// preconditions…


implementation;

// postconditions…


}

The calling function is responsible

for the top part of the interface.

The called function is responsible

for the bottom part of the interface.



+a b
-a b
*a b
/a b

%a b
>>a b
<<a b

&a b
|a b
^a b

+=a b
-=a b
*=a b
/=a b

%=a b
>>=a b
<<=a b

&=a b
|=a b
^=a b

+ b
- b

~ b

=a b++ b
-- b

++a
--a

>a b

>=a b
<=a b

!=a b

<a b
==a b

<=>a b



Stability

Substitutability

Repeatability

Over certain periods, an object’s state, and 
therefore its value, remains stable. 

At certain times, two different objects of the 
same type have interchangeable values.

An operation may be repeated by a sufficiently 
similar operation, producing similar results.
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A right of stability is transferred from 
the caller to the implementation on 
entry, and from the implementation 
to the caller on exit.

Right of stability
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The caller extends immunity from 
instability to the implementation for 
the duration of the operation.

Immunity from instability

A right of stability is transferred from 
the caller to the implementation on 
entry, and from the implementation 
to the caller on exit.
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A right of stability of the function 
result is transferred from the 
implementation to the caller.

Right of stability
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claim substitutable( &result, &a );
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Most operations here that modify an 
argument return a reference aliased 
to that argument.

Substitutability

claim substitutable( &result, &b );
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claim substitutable( a, b );

if ( result )
claim substitutable( a, b );

if ( !result )
claim substitutable( a, b );

These operations may also have 
substitutability as a postcondition.

Substitutability
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The left parameter of operator= is 
not part of the discernible input.

Most parameters are part of the 
discernible input to the operations.


An operation is repeated when 
these parameters are repeated.
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The function result is part of the 
discernible output for every 
operation listed here.


Discernible output

If an operation is repeated, the 
discernible output will be repeated.

Left-hand arguments of operator++ 
and operator-- are also part of the 
discernible output.



int& operator=( int& a, const int b )
interface

{
claim_right a; // right of stability

claim_immunity b; // immunity from instability 
discern b; // discernible input

implementation;

claim substitutable( &a, &result ); // substitutability
claim_right result; // right of stability 
discern result; // discernible output


claim substitutable( result, b ); // substitutability
}
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unsigned oppressively colossal int oppressively colossal int

Unsigned Signed

widthwidth

0 ≤ value < 2width -2width-1 ≤ value < 2width-1

class integer_kind



unsigned oppressively colossal int oppressively colossal int

Unsigned Signed

widthwidth

0 ≤ value < 2width -2width-1 ≤ value < 2width-1

class integer_kind
{
// …

constexpr bool is_signed() const;
constexpr bit_size_t width() const;

};

inline constexpr



inline constexpr
bool operator<( integer_kind a, integer_kind b )

{
return a.is_signed() <= b.is_signed()

&& a.width() < b.width();
}

class integer_kind
{
// …

constexpr bool is_signed() const;
constexpr bit_size_t width() const;

};

template < class To, class From >



template < class To, class From >
requires (   integer_kind_of<To>   >=   integer_kind_of<From>   )

To convert( const From& );

inline constexpr
bool operator<( integer_kind a, integer_kind b )

{
return a.is_signed() <= b.is_signed()

&& a.width() < b.width();
}

class integer_kind
{
// …

constexpr bool is_signed() const;
constexpr bit_size_t width() const;

};
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To convert_modular( const From& ); Weak postcondition:

Only the low bits are converted

To convert_narrowing( const From& ); Strong precondition:

Argument must be convertible

To convert( const From& ); Strong type requirement:

All values must be convertible



int& operator=( int& a, const int b )
interface

{
claim_right a; // right of stability

claim_immunity b; // immunity from instability 
discern b; // discernible input

implementation;

claim substitutable( &a, &result ); // substitutability
claim_right result; // right of stability 
discern result; // discernible output


claim substitutable( result, b ); // substitutability
}



template < std::integral A, std::integral B >
A& operator=( A& a, const B b )
interface

{
claim_right a; // right of stability

claim_immunity b; // immunity from instability 
discern b; // discernible input

implementation;

claim substitutable( &a, &result ); // substitutability
claim_right result; // right of stability 
discern result; // discernible output


claim substitutable( result, convert_modular<A>( b ) );
}
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The behavior of an expression of 
the form E1 op= E2 is equivalent 
to E1 = E1 op E2 except that 
E1 is evaluated only once.

7.6.19 [expr.ass]
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template < std::integral A, std::integral B >
A& operator+=( A& a, const B b )
interface

{
claim_right a; // right of stability

claim_immunity b; // immunity from instability 
discern a; // discernible input

discern b; // discernible input


const auto expected_result = convert_modular< A >( a+b );

implementation;

claim substitutable( &a, &result ); // substitutability
claim_right result; // right of stability 
discern result; // discernible output


claim substitutable( result, expected_result ); // substitutability
}



template < std::integral A, std::integral B >
A& operator+=( A& a, const B b )
interface

{
claim_right a; // right of stability

claim_immunity b; // immunity from instability 
discern a; // discernible input

discern b; // discernible input


const auto expected_result = convert_modular< A >( a+b );

implementation;

claim substitutable( &a, &result ); // substitutability
claim_right result; // right of stability 
discern result; // discernible output


claim result == expected_result; // substitutability
}



+a b
-a b
*a b
/a b

%a b
>>a b
<<a b

&a b
|a b
^a b

+=a b
-=a b
*=a b
/=a b

%=a b
>>=a b
<<=a b

&=a b
|=a b
^=a b

+ b
- b

~ b

++ b
-- b

++a
--a

>a b

>=a b
<=a b

!=a b

<a b
==a b

<=>a b

The behavior of an expression of 
the form E1 op= E2 is equivalent 
to E1 = E1 op E2 except that 
E1 is evaluated only once.

7.6.19 [expr.ass]
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const auto expected_result = prev( b );
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const auto expected_result = a;
const auto expected_a = next( a );

// …implementation…


claim result == expected_result;
claim a == expected_a;
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const auto expected_result = a;
const auto expected_a = prev( a );

// …implementation…


claim result == expected_result;
claim a == expected_a;
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bool

unsigned oppressively colossal int oppressively colossal int
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int
unsigned int
T

If T is any other

integral type

T promotes to the first type 
in this list to which it has a 
nice conversion:

If T is on this list:

int
unsigned int
long
unsigned long
long long
unsigned long long
the underlying type of T

T promotes to the first type 
in this list to which it has a 
nice conversion:

wchar_t
char16_t
char32_t



⚠ underlying_type doesn't 
work for character types.

⚠ This gives the wrong 
answer for bit fields.

template < std::integral T >
using promoted_type =
   std::conditional_t< !appears_in_list<   T,       wchar_t, char16_t, char32_t       >,

first_nicely_convertable< T,
int, unsigned int,
T    >,

first_nicely_convertable< T,
int, unsigned int,
long, unsigned long,
long long, unsigned long long,
std::underlying_type_t<T>          > >;



⚠ This gives the wrong 
answer for bit fields.

template < std::integral T >
using promoted_type = decltype( +std::declval<T>() );

template < class T >
concept promoted_integral = std::integral< T >

&& std::same_as<  T, promoted_type< T >  >;

template < class T >
concept unpromoted_integral = std::integral< T >

&& ! std::same_as<  T, promoted_type< T >  >;



template < std::integral B >
promoted_type<B> operator+( const B& b )
interface

{
claim_immunity b; // immunity from instability 
discern b; // discernible input


const auto expected_result = convert< promoted_type<B> >( b );

implementation;

claim_right result; // right of stability 
discern result; // discernible output


claim result == expected_result; // substitutability
}
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template < unpromoted_integral B >
promoted_type<B> operator-( const B& b )
interface

{
claim_immunity b; // immunity from instability 
discern b; // discernible input


const auto expected_result = -( +b );

implementation;

claim_right result; // right of stability 
discern result; // discernible output


claim result == expected_result; // substitutability
}
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※ Integral parameters

※ Promoted parameters
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template < promoted_integral A, promoted_integral B >
inline auto usual_arithmetic_conversions( const A& a, const B& b )

{
// …


}

template < promoted_integral T >
inline auto usual_arithmetic_conversions( const T& a, const T& b )

{
return std::pair( a, b );

}



template < promoted_integral A, promoted_integral B >
inline auto usual_arithmetic_conversions( const A& a, const B& b )

{
constexpr ak = integer_kind_of<A>;
constexpr bk = integer_kind_of<B>;

if constexpr ( ak >  bk ) return std::pair( a, convert<A>(b) );
else if constexpr ( ak <  bk ) return std::pair( convert<B>(a), b );
else if constexpr ( ak == bk )

{
// Can convert either way…


}
else // if the integer kinds are unordered

{
// Cannot convert either way…


}
}



{
constexpr ak = integer_kind_of<A>;
constexpr bk = integer_kind_of<B>;

if constexpr ( ak >  bk ) return std::pair( a, convert<A>(b) );
else if constexpr ( ak <  bk ) return std::pair( convert<B>(a), b );
else if constexpr ( ak == bk )

{
// Can convert either way. Break the tie with integer conversion rank.


if constexpr ( integer_conversion_rank_is_less< A, B > )
return std::pair( convert<B>(a), b );

else
return std::pair( a, convert<A>(b) );

}
else // if the integer kinds are unordered

{
// Cannot convert either way…


}
}



else if constexpr ( ak <  bk ) return std::pair( convert<B>(a), b );
else if constexpr ( ak == bk )

{
// Can convert either way. Break the tie with integer conversion rank.


if constexpr ( integer_conversion_rank_is_less< A, B > )
return std::pair( convert<B>(a), b );

else
return std::pair( a, convert<A>(b) );

}
else // if the integer kinds are unordered

{
// Cannot convert either way. Try again with unsigned arguments.


const auto unsigned_a = convert_modular< std::make_unsigned_t<A> >( a );
const auto unsigned_b = convert_modular< std::make_unsigned_t<B> >( b );

return usual_arithmetic_conversions( unsigned_a, unsigned_b );
}

}



template < std::integral A, std::integral B >
using UAC_type = decltype( std::declval<A>() + std::declval<B>() );

template < std::integral A, std::integral B >
inline auto usual_arithmetic_conversions( const A& a, const B& b )

{
using U = UAC_type< A, B >;

return std::pair(  convert_modular<U>( a ),  convert_modular<U>( b )  );
}



template < std::promoted_integral A, std::promoted_integral B >
requires (   !std::same_as<A,B>   )

UAC_type<A,B> operator+( const A& a, const B& b )
interface

{
claim_immunity a; // immunity from instability 
claim_immunity b; // immunity from instability 
discern a; // discernible input

discern b; // discernible input


const auto [ a1, b1 ] = usual_arithmetic_conversions( a, b );
const auto expected_result = a1 + b1;

implementation;

claim_right result; // right of stability 
discern result; // discernible output


claim result == expected_result; // substitutability
}
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If the second operand of / or % is zero the behavior is undefined.


…if the quotient a/b is representable in the type of the result, (a/b)*b + a%b 
is equal to a; otherwise, the behavior of both a/b and a%b is undefined.


7.6.5 [expr.mul] 

The behavior is undefined if the right operand is negative, or greater than or equal 
to the width of the promoted left operand.


7.6.7 [expr.shift]

Regarding a << b and a >> b:

Regarding a/b and a%b:



claim b != 0;
const auto quotient = a / b;

// …implementation…


claim quotient * b + result == a;

a % bclaim b != 0;

// …implementation…

a / b

const auto b1 = convert_narrowing< bit_size_t >( b );
claim   b1   <   integer_kind_of<A>.width();

// …implementation…

a << b
a >> b



If during the evaluation of an expression, the result is not mathematically defined or not 
in the range of representable values for its type, the behavior is undefined.


7.1 [expr.pre] 

6.7.1 [basic.fundamental]

The value of E1 << E2 is the unique value congruent to E1 × 2E2 modulo 2N , where 



If during the evaluation of an expression, the result is not mathematically defined or not 
in the range of representable values for its type, the behavior is undefined.


7.1 [expr.pre] 

Arithmetic for the unsigned type is performed modulo 2N. [Note: Unsigned arithmetic 
does not overflow. Overflow for signed arithmetic yields undefined behavior (7.1).

—end note]


6.7.1 [basic.fundamental]

The value of E1 << E2 is the unique value congruent to E1 × 2E2 modulo 2N , where 
N is the width of the type of the result.


7.6.7 [expr.shift]
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const auto result_in_ℤ = convert< ℤ >( a ) + convert< ℤ >( b );

const auto expected_result = integer_kind_of<T>.is_signed()
? convert_narrowing< T >( result_in_ℤ )
:  convert_modular < T >( result_in_ℤ );

// …implementation…


claim result == expected_result;
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template < integer_kind k > class widening;

The types widening<k> do not have:

🚫 implicit narrowing

🚫 implicit modular arithmetic

🚫 modular conversion on assignment

🚫 integral promotion

🚫 usual arithmetic conversions

🚫 compound assignment operators

🚫 increment or decrement operators

🚫 bit fields

🚫 character types

The types widening<k> do have:

✅ integer kind k 

✅ operations with results wider than 
their parameters 

✅ operations that agree with ℤ



inline constexpr operator+( integer_kind ak, integer_kind bk )
{
return join( ak, bk ) + one_bit;

}

template < integer_kind ak, integer_kind bk >
widening<ak+bk> operator+( widening<ak>& a, widening<bk>& b );



template < std::integral T >
widening< integral_kind_of<T> >   to_widening( const T& a )
interface

{
// …implementation…

claim from_widening< T >( result ) == a;

}

template < std::integral T >
T from_widening( const widening< integral_kind_of<T> >& a )
interface

{
// …implementation…

claim to_widening( result ) == a;

}
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from_widening



template < std::integral T >
widening< integral_kind_of<T> >   to_widening( const T& a )
interface

{
// …implementation…

claim result == primitive_to_widening( a );
claim primitive_from_widening< T >( result ) == a;

}

template < std::integral T >
T from_widening( const widening< integral_kind_of<T> >& a )
interface

{
// …implementation…

claim result == primitive_from_widening<T>( a );
claim primitive_to_widening( result ) == a;

}



const auto result_in_ℤ = convert< ℤ >( a ) + convert< ℤ >( b );

const auto expected_result = integer_kind_of<T>.is_signed()
? convert_narrowing< T >( result_in_ℤ )
:  convert_modular < T >( result_in_ℤ );

// …implementation…


claim result == expected_result;



const auto wide_result = to_widening( a ) + to_widening( b );

using lifted_type = widening< integer_kind_of<T> >;

const auto lifted_result = integer_kind_of< T >.is_signed()
? convert_narrowing< lifted_type >( wide_result )
:  convert_modular < lifted_type >( wide_result );

const auto expected_result = from_widening< T >( lifted_result );

// …implementation…


claim result == expected_result;
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convert
convert_modular
convert_narrowing

- b
~ b

next
prev
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^a b >a b

>=a b
<=a b

!=a b

<a b
==a b

<=>a b

※ Widening parameters

※ Widening × bit_size_t



The result of the binary + operator is the sum of the operands.

7.6.6 [expr.add]



template < integer_kind ak, integer_kind_bk >
widening< ak + bk >   operator+(   const widening<ak>& a,

const widening<bk>& b   )
interface

{
claim_immunity a; // immunity from instability 
claim_immunity b; // immunity from instability 
discern a; // discernible input

discern b; // discernible input


const auto expected_result = add_with_carry( a, b );

implementation;

claim_right result; // right of stability 
discern result; // discernible output


claim result == expected_result; // substitutability
}



template < integer_kind ak, integer_kind_bk >
widening< ak + bk >   add_with_carry(   const widening<ak>& a,

const widening<bk>& b,
const positive_bit& carry = {}   )

interface
{
claim_immunity a; // immunity from instability 
claim_immunity b; // immunity from instability 
claim_immunity carry; // immunity from instability 
discern a; // discernible input

discern b; // discernible input

discern carry; // discernible input


implementation;

claim_right result; // right of stability 
discern result; // discernible output


}



template < integer_kind ak, integer_kind_bk >
widening< ak + bk >   add_with_carry(   const widening<ak>& a,

const widening<bk>& b,
const positive_bit& carry = {}   )

interface
{
claim_immunity a; // immunity from instability 
claim_immunity b; // immunity from instability 
claim_immunity carry; // immunity from instability 
discern a; // discernible input

discern b; // discernible input

discern carry; // discernible input


implementation;

claim_right result; // right of stability 
discern result; // discernible output


// For a postcondition about the value of the result,

// call reference_add_axiom( a, b, carry );

}



template < integer_kind ak, integer_kind_bk >
void reference_add_axiom( const widening<ak>& a,

const widening<bk>& b,
const positive_bit& carry = {} )

interface
{
const auto reference_sum = reference_add_with_carry( a, b, carry );

posit implementation;

const auto sum = add_with_carry( a, b, carry );

claim substitutable( sum, reference_sum );
}

The calling function is responsible

for the top part of the interface.

There may be no function responsible

for the bottom part of the interface.
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template < integer_kind abk, integer_kind cdk >
inline auto reference_add_with_carry( const widening<abk>& ab,

const widening<cdk>& cd,
const positive_bit& x0 = {} )

{
if constexpr ( abk.width() > 1 && cdk.width() > 1 && lo_width( abk ) == lo_width( cdk ) )

{
const auto [ a, b ] = split_bits( ab );
const auto [ c, d ] = split_bits( cd );

const auto s0 = add_with_carry( b, d, x0 );
const auto [ x1, r0 ] = split_bits( s0 );

const auto r1  = add_with_carry( a, c, x1 );

return join_bits( r1, r0 );
}

else

// …



// …

else if constexpr (   abk == cdk   &&   abk.width() == one_bit   &&   !abk.is_signed()  )

{
const auto bit_0 = bool_to_bit( false );
const auto bit_1 = bool_to_bit( true );

if ( bit_to_bool( ab ) )
if ( bit_to_bool( cd ) )

if ( bit_to_bool( x0 ) )
return join_bits( bit_1, bit_1 );

else
return join_bits( bit_1, bit_0 );

else
if ( bit_to_bool( x0 ) )

return join_bits( bit_1, bit_0 );
else

return join_bits( bit_0, bit_1 );

else
if ( bit_to_bool( cd ) )

if ( bit_to_bool( x0 ) )
 return join_bits( bit_1, bit_0 );

else
 return join_bits( bit_0, bit_1 );

else
if ( bit_to_bool( x0 ) )

 return join_bits( bit_0, bit_1 );
else

 return join_bits( bit_0, bit_0 );
}

else
//…
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🎉 This is all that’s left

bit_to_bool
bool_to_bit

sign_bit_to_bool
bool_to_sign_bit

split_bits
join_bits



template < integer_kind ak, integer_kind bk >
void addition_is_commutative( const widening<ak>& a,

const widening<bk>& b,
const positive_bit& x = {} )

interface
{
const auto a_plus_b = add_with_carry( a, b, x );
const auto b_plus_a = add_with_carry( b, a, x );

claim implementation;

claim substitutable( a_plus_b, b_plus_a );
}

The calling function is responsible

for the top part of the interface.

The called function is responsible

for the bottom part of the interface.
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template < integer_kind ak, integer_kind bk >
void addition_is_commutative( const widening<ak>& a,

const widening<bk>& b,
const positive_bit& x = {} )

interface
{
const auto a_plus_b = add_with_carry( a, b, x );
const auto b_plus_a = add_with_carry( b, a, x );

claim implementation;

claim substitutable( a_plus_b, b_plus_a );
}
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addition_is_commutative( b, d, 0 );

reference_add_axiom( ab, cd, 0 );
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addition_is_commutative( b, d, 0 );
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addition_is_commutative( a, c, 1 );

reference_add_axiom( ab, cd, 0 );
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cd
ab

0

17
+ +

81
+
178

b

0
dc

a

1

reference_add_axiom( ab, cd, 0 );

ab
cd

0

17
+ +

81
+
178

d

0
ba

c

1

reference_add_axiom( cd, ab, 0 );

18 18

b
d

0
d
b

0

+ +

addition_is_commutative( b, d, 0 );

17 17

a
c

1
c
a

1

+ +

addition_is_commutative( a, c, 1 );



template < integer_kind abk, integer_kind cdk >
void addition_is_commutative( const widening<abk>& ab, const widening<cdk>& cd,

const positive_bit& x0 = {} )
implementation

{
if constexpr ( abk.width() > 1 && cdk.width() > 1 &&  lo_width( abk ) == lo_width( cdk ) )

{ 
reference_add_axiom( ab, cd, x0 );

const auto [ a, b ] = split_bits( ab );
const auto [ c, d ] = split_bits( cd );
addition_is_commutative( b, d, x0 );

const auto s0 = add_with_carry( b, d, x0 );
const auto [ x1, r0 ] = split_bits( s0 );
addition_is_commutative( a, c, x1 );

reference_add_axiom( cd, ab, x0 );
}

else // …
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// …

else if constexpr (  abk == cdk   &&   abk.width() == one_bit   &&   !abk.is_signed()  )

{ 
reference_add_axiom( ab, cd, x0 );

reference_add_axiom( cd, ab, x0 );
}

else // …
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Thank you for listening.



Questions?


